Abstract-For phased array receivers, mutual coupling leads to beam-dependent active impedances which must be taken into account when matching the array ports to front end amplifiers for optimal noise performance. We study the noise penalty for several noise matching conditions and develop a matching condition that minimizes the average beam equivalent receiver noise temperature over multiple beams. For non-beamforming applications such as multiple input multiple output communications, we show that noise performance for coupled arrays can be quantified using the spectrum of an equivalent receiver noise temperature correlation matrix.
I. INTRODUCTION
M UTUAL coupling influences system performance for phased array radar, focal plane arrays, multiple input multiple output (MIMO) communications, and other applications of antenna arrays. Limitations on element efficiency caused by mutual coupling for transmitters are part of classical antenna theory [1] , and coupling effects on signal diversity in multiantenna communication systems are well understood [2] - [4] . In some cases, coupling in the broader sense of interactions between array elements can be exploited to improve antenna bandwidth. Of concern in this paper is that for a receiving array, mutual coupling as manifested by a nondiagonal array impedance matrix reduces system sensitivity unless taken into account in the impedance match between the array and front end amplifiers [5] .
For a single antenna, SNR at the receiver output is maximized when the source admittance seen by the front end amplifier at its input port is equal to an optimum source admittance that depends on the noise parameters of the amplifier. This allows the amplifier and antenna designs to be decoupled, since the amplifier can include matching components so that its optimal source impedance is a standard value such as 50 , and the antenna can be designed to realize the same value as its input impedance.
Noise matching for mutually coupled arrays is more complicated, because the active impedances effectively presented by the array to the front end amplifiers depend on how the array outputs are combined in signal processing [6] .
In this paper, we consider the problem of matching front end amplifiers to the array to maximize system performance for high sensitivity applications. For the purposes of this paper, it is convenient to view the array as fixed and to vary the optimal source impedance parameter for each front end amplifier. Noise matching can also be accomplished by adjusting the antenna design or by adding matching networks between the element terminals and amplifier input ports.
Several array noise matching conditions have been considered in the literature: a multiport decoupling network, the self impedance noise matching condition, and active impedance matching. A multiport decoupling network that diagonalizes the array mutual impedance matrix presents uncoupled ports which can be matched to amplifiers using the classical approach. This is the global optimum in the sense that the signal to noise ratio (SNR) is maximized for all possible beam steering directions [7] .
For low noise receiver application such as phased array feeds for radio astronomy, ohmic losses and bandwidth limitations preclude the introduction of a complex multiport decoupling network between the antenna array and front end amplifiers. The self impedance match is far simpler to implement than a multiport decoupling network and (unlike the active impedance matching condition) is independent of the signal processing used to combine array outputs, but the resulting receiver output SNR is suboptimal. The impact on system performance of the self impedance match relative to an optimal decoupling network has been studied for MIMO systems [5] and focal plane arrays [8] .
Improved performance for a beamforming array can be achieved with the active impedance noise matching condition. The use of active impedances in determining the amplifier noise for a phased array was studied by Weem and Popović [9] and Craeye et al. [10] . Woestenburg showed that active impedance noise matching is optimal for a given beam steering direction [6] . Maaskant and Woestenburg considered active impedance matching for a dipole array [11] . Ivashina et al. [12] analyzed the noise performance of small dipole arrays as a function of element separation distance with the active impedance noise matching criterion.
With active impedance matching, noise is minimized only for one beam steering direction. For a multibeam system, other beams have increased equivalent receiver noise and lower sensitivity. Consequently, a different noise matching condition may 0018-926X/$25.00 © 2009 IEEE Fig. 1 . Array receiver and beamformer system block diagram. The voltages at unloaded array element terminals are arranged into the vector v and the array mutual impedance matrix is Z . Voltages at the receiver outputs are combined with complex beamformer weights to yield a scalar output v = w v. For non-beamforming applications, the beamformer block is replaced by another type of receiver output signal processing.
have better overall performance for multiple steered beams. In this paper, we derive a noise matching condition that maximizes SNR in an average sense over a range of beam steering directions. Numerical simulations are used to compare the noise performance realized with the self impedance, active impedance, and minimum average equivalent noise temperature matching conditions for a dipole array.
For array applications such as MIMO communications which do not involve beamforming in the traditional sense, we develop a more general way of characterizing system noise performance. The range of possible beam equivalent noise temperatures for any combination of the array outputs is determined by the spectrum of an equivalent receiver noise temperature correlation matrix. The spectral properties of this matrix provide a general way to quantify array receiver noise and SNR performance.
All voltage and field quantities are phasors relative to . An overbar is used to denote three-dimensional field vectors, and vectors of port voltages or currents are typeset in boldface .
II. ARRAY RECEIVER SYSTEM MODEL
The array receiver system topology to be considered in this paper is shown in Fig. 1 . To model the array antenna, it is convenient to use a Thévenin equivalent source network with impedance matrix and a vector of open circuit voltages for each incident field [7] , [13] . The open circuit voltages can be computed from the embedded element radiation field patterns , which we define to be the radiated field for an input current of into the th array element with all other elements open circuited. The elements are each terminated by a front end amplifier and receiver chain. The receiver output voltages can be related to the open circuit loaded voltages by a linear transformation , where depends on the network parameters of the array, low noise amplifiers (LNAs), and receiver chains. For identical receivers with voltage gain and input impedance , . We assume a wide sense stationary signal and noise environment. The receiver output voltages are characterized by their correlation matrices [14] - [16] . If the signals are ergodic, the spatiotemporal correlation function is (1) If the signals are spectrally white over the band of interest, or if the array signal processing does not exploit temporal correlations, then we may consider only the case, and work with the array spatial covariance matrix . Evaluating the correlation function at and estimating the integral in terms of receiver output voltage samples leads to the receiver output voltage correlation matrix (2) The array output consists of signals of interest and noise due to external interference and blackbody radiation, ohmic losses in the array, and the receiver electronics.
A. Amplifier Noise
Classical two-port noise theory [15] - [17] will be used to model amplifier noise with current and voltage sources and at the amplifier input port, having RMS densities and , respectively. The correlation admittance is defined by
where and are uncorrelated. If the source admittance is equal to the optimal value , the amplifier equivalent noise temperature is minimized to (4) where the voltage and current noise correlation coefficient is defined by . For the array receiver, we will arrange the noise voltages and currents into vectors and , and we will assume the noise sources from different amplifiers are uncorrelated. The amplifier noise voltages at the loaded ports are (5) The amplifier noise correlation matrix is (6) This correlation matrix follows the convention of [15] up to a factor of two in the definition of the voltage correlation. In terms of RMS densities, and . Using (3), we have finally (7) where (8) where , , and are diagonal matrices of noise voltage densities, noise current densities, and correlation admittances, respectively, for each amplifier. We will ignore the noise contribution from receiver components following the LNAs, although this could be readily included in the model if needed.
One way to noise match amplifiers to the array is to specify the optimal source admittance for each amplifier so that the overall receiver sensitivity is maximized. To facilitate this, it is convenient to use the noise parameters , , and , where the noise resistance is defined by (9) The remaining parameters are related to the voltage and current parameters by (10) (11) Physically, the correlated part of the current noise cannot be greater than the total current noise, from which it follows with (11) that . In view of (10), the noise resistance is therefore bounded below by (12) where . When comparing noise matching conditions, it is important to ensure that noise parameters are physically realizable by enforcing this condition. Amplifier noise parameters are further constrained by a particular design topology, but in the simulation results given in this paper, we will hold and constant while varying , in order to separate noise matching effects from overall amplifier quality.
B. Noise Wave Formulation
For an S-parameter based network analysis, the amplifier noise model can be given in terms of the noise wave parameters [16] , [17] where . For matched source and load impedances, the forward and reverse noise wave amplitudes at the amplifier input port satisfy
Using network theory, it can be shown that (14) where the matrix is similar to but transforms forward wave amplitudes into matched loads at the array ports to receiver output voltages. For receivers such that , it can be shown that , where is the S-parameter matrix corresponding to . The forward noise wave correlation matrix is (15) where , , and are diagonal matrices of the noise wave parameters for each amplifier.
C. Beamforming
For beamforming applications, the receiver output voltages are combined using an analog network or digital signal processing to produce a scalar output signal for each beam according to , where is a vector of complex beamformer weights and the superscript denotes the Hermitian conjugate. Because the active impedances that determine effective amplifier noise are beam-dependent, the matching conditions we will investigate in this paper are dependent on the choice of algorithm used to generate the beamformer coefficients.
Algorithms for prescribing the beamformer weights include the statistically optimal maximum-SNR beamformer [18] ( 16) where is the correlation matrix of the receiver output voltages due to system noise and is a vector of receiver output voltages due to a plane wave with spherical arrival angle . This beamformer maximizes the beam sensitivity . If we define to be the correlation matrix of noise at the receiver outputs due to an isotropic thermal environment not including noise due to element ohmic losses, the beamformer (17) maximizes the receiving pattern partial directivity in the direction [13] , [19] . Another possibility is the conjugate field match (CFM) beamformer. The CFM beamformer can be simpler to implement than a statistically optimal beamformer, but because CFM is not derived from an optimality criterion, there are different prescriptions for choosing the beamformer weights in the literature. In the transmit mode, the excitation currents at the element input ports can be chosen to be the complex conjugates of the field due to a plane wave arriving from the desired beam steering direction evaluated at element locations [20] or the conjugated embedded element radiation field patterns evaluated in the desired beam direction [21] . CFM beamformer weights can also be obtained from the receiver output voltages induced by plane wave arriving from the desired beam steering direction [22] , which leads to . This beamformer is convenient to implement in practice, since it requires only a knowledge of the receiver outputs voltages, but its performance is poor if the receiver gains are unequal.
For a mutually coupled array, these variants of CFM are not equivalent. For the simulation results given in this paper, we will use the approach of [21] . The radiation pattern of a reciprocal array with element input currents is identical to the receiving pattern with weights applied to the element open circuit voltages, and the embedded element radiation field patterns in the direction are proportional to [13] , from which it follows that (18) Using , the equivalent beamformer weight vector referred to receiver output voltages is (19) The CFM beamformer weights at the receiver outputs are (20) Since , by comparison to (16) , this beamformer would maximize SNR if the system noise referred to equivalent array open circuit voltages were independent and identically distributed, so that . The CFM variant of [20] satisfies a similar optimality criterion, but that of [22] does not.
D. Beam Equivalent Receiver Noise Temperature and Noise Matching Efficiency
For a phased array, the beam equivalent amplifier noise temperature is [13] , [19] (21)
This definition requires a knowledge of the noise response of the array in thermal equilibrium with an isotropic environment at temperature , which is [13] , [23] 
A dimensionless noise matching efficiency can be defined as [13] 
This efficiency measures the noise penalty caused by amplifier mismatch and array mutual coupling. For an uncoupled array with each front end amplifier optimally matched to an antenna element, . If the array is coupled or the amplifiers are not optimally matched to the individual antenna elements, then in general . By inserting (22) and (7) in (21), the beam equivalent receiver noise temperature can be given in terms of the amplifier noise parameters and array mutual resistance matrix as (24) With (19) this becomes (25) To transform these expressions to the noise wave formulation, we use Bosma's theorem [24] , [25] ( 26) for the correlation matrix of forward noise waves produced by a lossy network in thermal equilibrium with an environment at temperature . Using the forward wave transformation introduced in (14), we have (27) By combining this expression with (14) and (21), we obtain (28) where (29) are the beamformer weights referred to forward wave amplitudes at the amplifier input ports. The corresponding noise matching efficiency is (30) One drawback of the noise matching efficiency is that it depends on amplifier parameters in a complex way. By making certain assumptions about the array and amplifiers, the noise matching efficiency can be expressed in terms of quantities that are intrinsic to the array, which facilitates understanding the impact of mutual coupling on system performance and the relationship between noise matching efficiency and other figures of merit. Three simplified cases of particular interest are discussed next.
E. Uncorrelated Forward Waves
We will first assume that the amplifiers emit uncorrelated forward noise waves, so that and . The noise matching efficiency (30) becomes (31) For a reciprocal array, the weights can be interpreted as forward wave amplitudes into the input ports of the array configured as a transmitter, in which case (31) is identical to the coupling efficiency defined in [26] as a generalization of embedded element efficiency [27] . For a transmitting array, this quantity represents the ratio of the power accepted by the array to the power available from the generators. In the general case, forward amplifier noise waves are correlated, but this result indicates that noise matching efficiency is related to coupling efficiency.
F. Lossless, Nonreactive Array With Self-Impedance Matching Condition
We will now assume that the array is lossless, the mutual impedance matrix is real , the current and voltage noise sources are uncorrelated , and the amplifiers are noise matched to the array self impedances. The latter condition implies that , where is the main diagonal of . Under these assumptions, (7) becomes (32) By (4) For a lossless array, and , where is the element pattern overlap matrix with elements given by [13] (34)
The noise matching efficiency then becomes (35) where . This approximation is optimistic relative to the exact noise matching efficiency for the self impedance matching condition because mutual reactance is neglected and together with (10) implies that is only twice the minimum value in (12) .
If the array mutual resistances are identical (which implies that the diagonal elements of are identical), then the open circuit receiver noise correlation matrix simplifies to (36) where is the overlap integral matrix normalized such that the diagonal elements are unity, so that the elements of are given by . Moreover, is Hermitian, so the eigenvalues are real. It is not possible for any beamformer to realize infinite SNR with an isotropic noise field, so the matrix must be positive definite. This implies that the eigenvalues of are greater than or equal to one, and the noise matching efficiency is therefore between zero and one. If the array is uncoupled, then , and the noise matching efficiency is unity. This approximation is compared to the full receiver noise model in Section IV.
G. Close Element Spacing
For small, closely spaced antenna elements, the approximation (35) for the noise matching efficiency has a closed form limit. Assuming isotropic radiators, the pattern overlap integrals are and (40) where is the element separation. In the limit as the element spacing becomes zero, the noise matching efficiency becomes (41)
There are two cases to consider, the even mode beamformer for which , and the odd mode beamformer with . In the former case, , and in the latter case . This result neglects the mutual reactance of the array, which will affect noise performance for close element spacings, but it still provides a qualitative picture of the behavior of the noise coupling penalty as element spacing becomes small.
III. OPTIMAL NOISE MATCHING FOR ARRAYS
The only way to achieve a noise matching efficiency of unity over all possible beamformers is to employ a multiport matching network that decouples the array in the sense of diagonalizing the array impedance matrix [7] . As has been observed, such a matching network may not be practical for some applications. Self impedance and active impedance matching are simpler to implement, but do not yield optimal performance for all beam steering directions. We will review these previous approaches and present a new matching condition for phased arrays that optimizes the system noise performance over multiple beam steering directions. We will also develop a matrix formulation which allows noise performance to be characterized for a nonbeamforming array.
A. Active Impedance Matching Condition
Here, we will briefly review the active impedance matching theory developed in [6] , [10] , [11] . The beamformer output voltage due to amplifier noise is Effectively, the noise appears at the beamformer output as if the reverse wave had reflected from the array with the reflection coefficient . Therefore, we can noise match the amplifier to the active reflection coefficient and the equivalent noise contribution from that amplifier will be minimized. If this is done for each amplifier, the overall receiver noise temperature will be (assuming identical amplifiers) and the noise matching efficiency will be unity.
To facilitate the analysis of the next section, we will express the beam equivalent noise temperature in terms of the active reflection coefficients and active impedances. By making use of (44) Here, we have allowed for different minimum noise temperatures and noise resistances for the amplifiers. This result is closely related to a formula for equivalent noise temperature in terms of active reflection coefficients obtained in [6] . Equation (47) can be formulated in terms of active impedances and admittances as (49) (50) where .
B. Self Impedance Matching Condition
If mutual coupling is small, then the off-diagonal elements of are small relative to the diagonal elements, and the active impedances (45) reduce to the diagonal elements of the impedance matrix. In this case, optimal noise performance occurs when the front end amplifiers are noise matched to the self impedances according to (51) For a coupled array, noise matching to the element self impedances is convenient but does not provide optimal sensitivity.
It is also possible to noise match the amplifiers to the impedances corresponding to the diagonal elements of the S-parameter matrix. In general, the impedance corresponding to is not equal to , so the two conditions are different. In the simulation results in this paper, we will use (51).
C. Multibeam Average Noise Optimization
The active impedance matching condition minimizes receiver noise for only one beam. In some applications, it may be desirable to implement an impedance matching condition that is not optimal for any one beam but which leads to better performance in an average sense over the field of view of the array. This is of particular importance for focal plane array feeds, since the magnitudes of many of the beamformer coefficients are small, which causes the active impedances (45) to be unstable and undesirably large in magnitude for some elements.
For an array field of view spanned by beams with beamformer coefficient vectors , , we define the average beam equivalent noise temperature to be (52) Inserting (49) leads to (53) where is given by (50), are the components of the th beamformer weight vector , and the weights are referred to open circuit signal voltages at the antenna ports according to (19) . To minimize this expression, we differentiate with respect to to obtain (54)
Setting the partial derivative to zero and solving for the optimal noise admittance leads to (55) This result provides an amplifier noise matching condition which minimizes the average beam equivalent receiver noise temperature over beams given by the weight vectors . This expression can be placed into a simpler form for the conjugate field match (CFM) beamformer over a full sphere of beam steering directions. Using (45) in (55) yields (56) where (57) In the limit of a large number of beams evenly spaced over a sphere, the summation passes to the integral (58) where we have assumed the CFM beamformer (18) . Assuming identically polarized elements and incoming waves aligned with the polarization of the array, or incoming waves with two orthogonal polarizations, by reciprocity (58) is proportional to the embedded element pattern overlap matrix (34), which for a lossless array is in turn proportional to the real part of the array mutual impedance matrix, as noted in Section II-F. Using this in (56) leads to (59) This matching condition satisfies an optimality criterion, since it minimizes the average equivalent receiver noise for beams steered over a full sphere. Like the self impedance matching condition, it is given directly in terms of the mutual impedance matrix, which is intrinsic to the array, making it convenient to implement for applications such as MIMO receivers which do not form beams in the usual sense.
D. Equivalent Receiver Noise Correlation Matrix
For beamforming arrays, the beam equivalent receiver noise temperature is a natural way to characterize system performance. For other types of arrays, this parameter cannot be used directly, but receiver noise is still a function of how array outputs are combined in signal processing. Here, we will develop a more general approach to characterizing system noise performance in terms of the spectrum of an equivalent noise matrix. The spectrum defines the space of possible beam equivalent noise temperatures over all possible sets of beamformer coefficients.
If we make a further transformation of the beamformer weight vector in (28) to , then the beam equivalent receiver noise temperature becomes (60) where (61) and . The elements of have units of temperature (Kelvin).
can be considered as an equivalent receiver noise temperature correlation matrix, and is essentially identical to the exchangeable amplifier noise correlation matrix defined in [7] .
Equation (60) has a number of interesting implications for the characterization of amplifier noise matching condition. Most importantly, the performance of a given amplifier noise matching conditions can be understood in terms of the eigenvalues of . The range of possible values of the quadratic form (60) is called the field of values of the matrix . For a normal matrix, the field of values is the convex hull of the eigenvalues in the complex plane. Correlation matrices are Hermitian, real and positive semidefinite, from which it follows that the eigenvalues are real and nonnegative. Since it is not possible to achieve a beam equivalent receiver noise temperature of zero, is positive definite, and all the eigenvalues are positive. The field of values of is therefore an interval on the positive real axis from the smallest to the largest eigenvalue. The eigenvalues have units of temperature, and for a given beamformer, the beam equivalent noise temperature lies between the smallest and largest eigenvalues of , so that . With the optimal multiport decoupling network of [7] , the eigenvalues of are simultaneously minimized to [7] . For a coupled array with any other matching condition, at least one of the eigenvalues must be larger than , and therefore there exists at least one beamformer with a beam receiver noise temperature greater than and a receiver noise matching efficiency . In general, the eigenvalues are bounded below by , which implies the inequalities
where is the number of array elements. A good amplifier noise matching condition will cause the eigenvalues of to be as close to as possible. The active impedance or active reflection coefficient matching condition reduces one of the eigenvalues of to , but other eigenvalues are larger than . In general, neither the self impedance match nor the average optimal match specified in (55) reduces any of the eigenvalues of to , but the eigenvalue spread may be smaller than is the case for the active impedance match.
For a dense array, can have eigenvalues which are orders of magnitude larger than the amplifier . To interpret the meaning of these large eigenvalues physically, we observe that large eigenvalues correspond to small values of the denominator of (21) . For a lossless array, reduces to (see Section II-F), from which it can be seen that the corresponding eigenvectors represent beamformers that receive little power from an isotropic external thermal noise distribution. The effective radiation resistance of the mode is small, and there is a poor match between the array and the amplifier input ports. This is related to receive superdirectivity, which can be quantified by the geometrical quality factor [28] , [29] (63) where is normalized to have unit diagonal elements as in (37). For a lossy array, includes a contribution from antenna element thermal noise which regularizes the matrix and limits the largest possible beam equivalent receiver noise temperature.
IV. NUMERICAL RESULTS
As a simple and readily reproducible test case, we consider a linear array of parallel dipoles with several different amplifier noise matching conditions. The array mutual impedances are approximated analytically using the induced EMF method [30] . Since a dipole is close to a minimum scattering antenna with an open circuit load [31] , the open circuit loaded embedded element patterns were approximated by the isolated element pattern, which for a dipole is available analytically. The embedded element patterns provided the open circuit voltage response for an incident plane wave as a function of arrival angle.
Receiver output voltages were combined using the CFM beamformer (20) . Using the CFM beamformer simplified the treatment considerably, since the maximum-SNR beamformer weights depend on the receiver noise correlation matrix, which for the active and multibeam optimal noise matching conditions in turn depends on the beamformer weights. We will defer the development of a strategy for dealing with this circular dependence to future work.
Front end amplifier noise is included in the system model using (7) . The amplifier input impedances are and the minimum amplifier noise temperature is . Noise matching is accomplished using the approach of Section II-A to adjust the optimal source impedance parameter for each amplifier while maintaining fixed values for the noise resistance and minimum noise temperature .
A. Element Spacing
Noise matching efficiency is shown for a two element array as a function of element spacing in Fig. 2 . In both cases, the amplifiers are matched to the self impedances of the array elements according to (51). The beam is steered to the broadside direction. As expected, the noise matching efficiency decreases as the spacing becomes small and the array becomes more strongly coupled. The deviation of the effective amplifier noise temperature from the optimal value increases as the noise resistance becomes larger. As the amplifier noise resistance decreases, the noise matching efficiency becomes closer to the approximate model (35) .
Increasing the number of array elements tends to decrease the noise matching efficiency until the array size is such that the mutual impedances are no longer influenced by the addition of distant elements and the noise matching efficiency reaches a limit that is largely independent of the number of elements.
B. Beam Steering Direction
We now consider the variation of the noise penalty for an array with fixed element spacing with respect to the beam steering direction for an H-plane pattern cut. For these results, . Fig. 3 shows the beam equivalent receiver noise temperature as a function of steering angle away from broadside for a two-element array. The active impedance condition is optimized for the beam steering angle 0 (broadside to the array), so the noise matching efficiency is unity at 0 and the receiver noise temperature is equal to the minimum amplifier noise temperature , but the noise temperature increases as the steering angle moves away from broadside. For the self impedance matching condition, the noise matching efficiency is never unity, but the sensitivity to steering angle is small. Fig. 4 is a Smith chart representation of the active reflection coefficients defined in (44) as a function of beam steering angle, along with markers for the broadside active reflection coefficient, amplifier values for the multibeam average optimal matching condition, and the self impedances. Since the beam equivalent noise temperature depends on the distances between the matched reflection coefficient values and the active impedances according to (47) and (48), the noise temperatures realized with the self impedance and multibeam average optimal matching conditions vary less with steering angle than is observed with the active impedance match. If the beamformer coefficients in (44) were given by phaseonly beamsteering on the forward wave amplitudes at the amplifier input ports as in [11] , then the active reflection coefficients would lie on a circle with center . The CFM beamformer used here is equivalent in the H-plane to phase-only beamsteering on element open circuit voltages. When transformed according to (29) , the beamformer coefficients in (44) have unequal magnitudes, which shifts the center of the locus of the active reflection coefficients away from . In addition, for the self impedance matching condition the amplifiers are noise matched to the diagonal elements of the impedance matrix, and the corresponding reflection coefficients are not equal to the diagonal elements of the S-parameter matrix. For these reasons, the self impedances do not lie exactly at the center of the active reflection coefficient circle in Fig. 4 , and the beam equivalent noise temperature for the self impedance matching condition in Fig. 3 varies slightly with steering angle. Figs. 5 and 6 show the beam equivalent receiver noise temperature and Smith chart representation of the noise matching conditions for a five element array. It can be seen that the deviation of the receiver noise for the active impedance matching condition from is more significant for the larger array.
C. Equivalent Receiver Noise Correlation Matrix Spectrum
The noise matching efficiency results shown above can be interpreted in terms of the spectral properties of the equivalent receiver noise temperature correlation matrix defined in (61). In Fig. 7 , the maximum and minimum eigenvalues are shown for a two element array for three different noise matching conditions. The smallest eigenvalue determines the smallest achievable beam equivalent receiver noise temperature, and the largest eigenvalue is the worst case noise temperature over all possible beamformers. For small element spacings, the array becomes more strongly coupled, and the maximum eigenvalue increases. For the active impedance match, one of the eigenvalues of is equal to the minimum amplifier noise temperature , but the largest eigenvalue is much greater than that realized with the other matching conditions. The multibeam average optimal matching condition has a minimum eigenvalue closer to than that of the self impedance matching condition, and the largest eigenvalue is smaller than that of the active impedance matching condition, indicating better overall noise performance.
V. CONCLUSION
This paper has given an analysis of equivalent receiver noise for a mutually coupled receiving array. We have compared the noise performance of the self and active impedance amplifier noise matching conditions to a multibeam average optimal noise matching condition. The active matching condition achieves maximum sensitivity for one beam steering direction, whereas the multibeam matching condition minimizes the average equivalent receiver noise over a range of beam steering directions. For the array configurations considered in this paper, numerical results show that the self impedance and average optimal matching conditions are better conditioned, in the sense that the worst case noise temperature and sensitivity to the steering direction are smaller than for the active impedance match. The choice of matching condition is certainly application-dependent, since it may be desirable, for example, to achieve the lowest possible noise temperature for at least one beam steering direction, in which case the active impedance match would be preferred. The results also underscore the importance of front end amplifiers with low noise resistance. The amplifier noise resistance determines the sensitivity of the receiver noise to changes in the beamformer coefficients, so for applications with low noise or high stability requirements, minimizing the amplifier noise resistance is desirable.
For non-beamforming applications such as MIMO communications, SNR performance can be characterized by the spectrum of an equivalent receiver noise temperature correlation matrix. The spectrum of this matrix defines the range of possible beam equivalent receiver noise temperatures and can be used to characterize the overall performance of a given noise matching condition.
It is hoped that these results will help to resolve open questions in the optimal noise matching of arrays for MIMO communications and low noise, high sensitivity applications such as radio astronomy and remote sensing, by making quantitative comparisons of different noise matching conditions and providing a stable matching condition that optimizes system performance over multiple beams. A key problem for future work is the design of arrays with active impedances close to a specified value over a range of frequencies and beam directions.
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